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Chaases defined by a quantifier followed by an infinite conjection .

Examples. Just take the complement of our perious examples with a gantifier
plas an infinite disjunction :

(a) The class of non-torsion groups ,
i

.
e . grognG such KA

by 1 gy ..... g +12
NEIN

W

(b) The cla of disconnected graphs : G := (V , E) sit-

Jubr1 -Yn(n ,
r)

,

nGINt
where Yalxis) says It there is a path in 6 of Length n between

x and y

We proveIt (b) is not axiomatizable
,
learing the conaxiomatizability of (a)

as as exercise
.

Prop, The clame of disconnected sayche is not axiomatizable
.

Proof. Suppose toward a contradiction Bot there is a igph
:= (E) - Cherry T

axiomatizing this clan .
Let 8 := Tsph V 30 , 64

,

where a
,
b are coast. symbols

and define
S := (d

>n(a ,
b) : ne IN3

.

Base the educt of every vod) A of S do isph is disconnected
,
MET.

This means hot for eachsentence YET ,
SFX

.
We know by compartmen tit

SyF4 for some finite subset by ES. Bene dula , 6) Finla ,
b) for

all man
,

we way assue that by = <d
,

19 , 673 for some neIN .

Thus
,



dan(s
,
b) FY

,
where ni = My . By constant elimination (HW 5

,
Q0)

,
Mis

is quivalent t
Ex-ydxn(x 14) F4 ,

But then the Memory S' := 35x5yd>
n(x

, 3) : <EIN) F for all

36T
,
i

.

e
.
S'FT which is a contractition because

, say ,
a -fine

↑

graph (2-regular acyclic) satisfies 5' but isn't disconnected
,
heave

shouldn't satisfy T.

Positive applications of compaction .

From finite to infinite
.

The nature of compaction is boosting finite to infinite
.

For exaple :

Cor
. If a Merry T has arbitrarily large finite model

,
then it has

an infinite
.

Another example is graph colouring problems or any
other locally checkable

problem .

Theorem (WeBruijn-Erds) .
Let K22

.

If every finite subgraph of a given graph
G := (V, E) is b-colourable (admit a proper

vertex clouring with k colours), Res

↳ is -colourable
.

Proof. For stational convenience
,

we prove for k = 3
,
but the idea of the proof

is the same for all k
.
Let F = = TsPhV(R , , Rc , Rs) where the Ri are

unarg relation symbols (ho be interpreted as colours). Let4 be a E-sectuce

stating that Ri
, Ra , Ry forms a proper colouring ,

e .g. Y is the unjunction of:
(i) kx(R , (v) v R , (x) VR> ()



(ii) kx(R , (x) ->GR - (x) 1-Ry(x)] 1(R-(x) -> (R , (v) 1 +R3(x))] N
1(Rz(x) -( - R , (x)12R(x))]

(iii) KxVg(xEy -> ↑ -(Ri(x) Ri (y)
It + = (43 U SCECr : u

,
rEU such It a EEn3. Than every frite

To :T in satifiable by our hypothesis : indeed
,
let cr

, ..., Cre be

all constants Bit appear in To
,
then the limit induced subgengh #

on vertices Dr
, ..., Vis admite a 3-plouring , by our hypothesis , so

I admits an excasion to a F-thoy schisfying To
: Thus I has a

model
,
i

.
e. a -structure M there o = GE ,

R
, Ru ,

Rs] US cr : G V) .

The reduct ofA to a Typh-structure is a 3-pourable graphe sit
.

G injectively homomorphs into it by the
map VIC

. Tus
, I

too

is 3-colourable being a subgraph of a
3-colourable grough .

From infinite to finite
.

Bease the nature of the compaction theorem is from finite he infinite
,

we

should we its extrapositive to get fron infinite to finite : if a Ruary T
does not have a model then some finite subley of i doesn't have a model.

These are called compacten-and-contradiation arguments.
We illustrate this on the example of Ranges's Room , obtaining the

finitary version from its infinity version (which is much easier to pore).

Def . For a set X and RGN+
,

let (x]' chaste the set of all -element
subsets of X

.

So IX]" is the set of all undirected edges between
Re elements of X

,
while <X is the set of all e-hyperedges

between the elevents of X ,

A colouring of IXJ with b colours is just a function < : [X72-30
.., k-1) .



A subset Es(X] is called <-monochromatic if cle is constant
.

A subset X'EX is called c monochromatic if (X'] is comonochromatic
.

2
2 2

Infinite Ramsey Theorem .

For
any
l

,
k
,
and

any colouring c : [IN)- 10,..., -B ,

There is an infinite MINN comonochrouctic subset
.

Before proving let's understand the studement on an exagle:

Example. Let (R
,
<) be a linear order

.

Then any requence (ValaER
has a monotone (increasing or decreasing ,

but not recessaril strictly
subsequence.

Proof. Colour a pair icj blue if riEVj ,
otherwise your the pair

isj red. By Ramsey , = infinite IEN sit
.

all pairs icj in I

we red or all pairs in I are blue
.

Then Irilizi is monotone .


